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Let G be a semisimple noncompact Lie group with finite center and let K be a 
maximal compact subgroup. Then W. H. Barker has shown that if T is a positive 
definite distribution on G, then T extends to Harish-Chandra’s Schwartz space 
Q’(G). We show that the corresponding property is no longer true for the space 
of double cosets K\G/K. If G is of real-rank 1, we construct linear functionals 
T, E (Ccm(K\G/K))’ for each p, 0 i p < 2, such that T,(f * f *) > 0, 
Vf E COm(Kl\GIK) but TP does not extend to a continuous functional on 
V(K\G/K). In particular, if p Q I, T, does not extend to a continuous func- 
tional on W(K\G/K). We use this to answer a question (in the negative) raised by 
Barker whether for a K-bi-invariant distribution T on G to be positive definite 
it is enough to verify that T(f * f *) > 0, Vf E Ccm(K\G/K). The main tool used 
is a theorem of Trombi-Varadarajan. 
1. INTRODLJCTI~N 
Suppose T is a positive definite distribution on Rfl. Then it is well known 
that T is a “tempered” distribution [4]. In an interesting paper [2], Barker 
shows that a similar result is true for C a connected noncompact scmisimple Lie 
group with finite center. Using his results from [l] he shows that if T is a positive 
definite distribution on G then it extends to Harish-Chandra’s Schwartz space 
V(G). The purpose of this paper is to show that peculiarly enough the corres- 
ponding property is no longer true for the space of double cosets K\G/K (where 
K is the maximal compact subgroup of G). More precisely, let T be a continuous 
linear functional on C,m(K\G/K) such that T(p, * p*) 2 0, Vcp E C,m(K\G/K). 
Then it is not necessarily true that T extends to a continuous linear functional 
on W(K\G/K). In fact, if G is of real rank 1, we construct for each p, with 
0 <p & 2, a linear functional T, on C,“(K\G/K) such that TD(q * v*) > 0, 
V~J E C,*(K\G/K), and T, does not extend to a continuous functional on 
W’(K\G/K). In particular, if p < 1, T, does not extend to a continuous func- 
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tional on %‘r(K\G/K). Using this result we answer a question (in the negative) 
raised by Barker [2, p. 2011 as to whether for a K-bi-invariant distribution T on 
G to be positive definite, it is sufficient to verify that T(p, * v*) > 0, t/g, E 
C,“(K\G/K). (In [2], Barker shows that for a “tempered” K-bi-invariant 
distribution the answer is “yes”.) 
Remark. There seems to be a misprint in [2] on p. 201. Line 17 should 
actually read “. v  E 9(G) ‘.. . 
2. NOTATION AND PRELIMINARIES 
(a) Lie groups and Lie algebras. Here, G always denotes a semisimple non- 
compact connected Lie group with finite center and of reaZ rank 1, g its Lie 
algebra, and K is a fixed maximal compact subgroup of G. Fix an Iwasawa 
decomposition G = KAN and let a be the Lie algebra of A. Let a* denote the 
real dual of a and ae* denote its complexification. Let p be the half sum of the 
positive roots for the adjoint action of a on g (see [3] or [6]). Since G is of real 
rank 1, dima = 1, and so if XEac *, h = sp for some s E @. For each A c ac* 
let v,, be the corresponding “elementary spherical function” on G associated with 
X (see [3] for details). Then one knows that v’n is a C” (in fact, real analytic) 
function on G and P),\,) == y,s’O if f  s s’ or s m:- --s’. 
(b) Various function spaces on G and K’t,GjK. TVe write Cc”(G) for the space 
of P-functions on G of compact support. W’e topologize it in the following 
manner. For each compact set 11 let C,“j(G) d enote the C”-functions on G with 
support in H. C,=(G) is topologized by means of uniform convergence on H of 
functions along with their derivatives and C,“(G) is given the inductive limit 
topology of the C,“(G) spaces. By (C,=(G))’ we mean the dual of C,.=(G) with 
respect to this topology. Let C,“(K\G/K) ::: {f E C,“(G); f  (k,xk,) = f(x), 
Vk, , k, E K, x E Gj. We give Ccz(K\\G/K) th e relative topology as a subspace of 
C,=(G). Again by the dual of this space we mean the dual with respect to this 
topology. We now define Harish-Chandra’s Schwartz space. Let g == k @ p be 
the Cartan decomposition of g. (k is the Lie algebra of K.) Then one knows that 
every element x E G can be written uniquely as x = k exp X with k E k and 
X E p. Define the function 0 on G by: Q(X) =~= 1 X ; (where I ) is the norm on p 
induced by the Killing form restricted to p). For 0 < p < 2, let VP(G) be the 
set of P-functions f  on G such that for each m in Z’ and each left (resp. right) 
invariant differential operator D (resp. E): supG(l $ CT)“’ q$“” \ DEf / < SO 
where v,, is the elementary spherical function corresponding to h =- 0. The 
above actually defines a family of seminorms on V)‘(G) and we topologize 
W’(G) using these seminorms in the obvious way. Again V?o(K\,G/K) has the 
obvious meaning and it is given the relative topology as a subspace of %0(G). 
It is known that (i) g”(G) C %*(G) if p < 4; (ii) V”(G) CL”(G); and (iii) C,r‘(G), 
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is dense in each of the spaces W’(G). Ag ain by the duals of VP(G), P(K\G/K), 
etc., we mean the duals with respect to the topology specified above. 
(c) The spherical Fourier transform and the Trombi-Varadarajan theorem for 
real rank 1 groups. For any measurable function f on G we define its spherical 
Fourier transformfon @ by 
f(s) = S,fM ~44 dx (if the integral exists) 
(where dx is a fixed Haar measure on G). (IffE Ccm(G),{is defined everywhere.) 
For f, g E C,“(G) define the convolution f * g and f *; 
(f * g>(x) = /Gf(~~-‘) g(y) 41; f *(4 = f(x-7, XEG. 
The following properties of the spherical Fourier transform are used in this 
paper: 
(a) f(s) = PC-s), s E c (since vSO = F-,,). 
(b) If f E Ccm(K\G/K) an s is real or purely imaginary, d 
(f *f “IA (4 = I f,12. 
If E > 0, let FE be the following subset of c: FE = {z 1 i Im z : < c}. Define 
Z(Fc) to be the space of all C-valued functions @ such that (i) @ is an even 
function (i.e., Q(s) = @5(--s)) continuous in FE and holomorphic in the interior 
of FE; (ii) sup,,IntFI I(1 + ~9)~ (d”/dzlz) @(z)I is finite Vrz, m. 
(ii) Above defines a family of seminorms on z(P) and we topologize 
Z(FE) using this family of seminorms. 
The theorem of Trombi-Varadarajan [5] for real rank 1 groups reads as follows: 
THEOREM 2.1 (Trombi-Varadarajan). Let 0 <p < 2 and e == ((2/p) - 1). 
Then the spherical Fourier transform f +f is a linear topological isomorphism of 
GP(K\G/K) onto Z(FE). 
3. SOME LINEAR FUNCTIONALS ON C,“(K\G/K) 
The main purpose of this section is to show that unlike for G, “positive 
definite distributions” on K\G/K need not necessarily extend to W(K\G/K). 
In fact we have: 
THEOREM 3.1. Let G be a connected noncompact semisimple Lie group (with 
finite center) of real rank 1. Then given p, 0 <p < 2, 3T, E (C,m(K\G/K))’ such 
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that T,(~z * y*) > 0, VP E Ccm(K\G/K) but T, does not extend to an element of 
(V?(K\G/K))‘. In particular, if p G 1, T, does not extend to an element of 
VW\WN’. 
(Note. For 1 < p < 2 our theorem is already implied by [2, Theorem 5.51. 
It is only for p < 1 that we get something new.) 
Proof. Given p, 0 < p < 2, fix a purely imaginary number sz, Im s, > 0, 
such that 1 sI, / > ((2/p) - 1). Let p, b e a positive number that 1 s, 1 = 
((2/p,,) - 1). Then clearly p, < p and hence Vo(K\G/K) C W’(K\G/K). Define 
a linear functional T, on C,m(K’\G/K) as follows: 
Tz4.f) = f(s,) = J’Gfk) ~-s&d dg, f  E C,“(K\G/K). 
Then since v--s1p is a P-function on K\G/K it is bounded on compact subsets 
of K\G/K and so it is easy to prove T, E (C,“c(K\G/K))‘. Since s, is purely 
imaginary, using the properties of the spherical Fourier transform described in 
Section 2 we have 
(since (91 * v*)+’ (ss) = / Q(sJj” > 0). Now the linear functional 
is continuous on z(Fl”~l) ( see [5, p. 2791) and hence by Theorem 2.1 T, also 
defines a continuous linear functional on V%(K\G/K). Now let fa be a sequence 
of functions in %S(K\G/K) such that 
I 22 
f&4 = $ _ (b+ (44)” . 
By Theorem 2.1 this is possible since the functions e-Z”/(.z2 - (s?, + (i/n))“) are 
in Z(Fi+l). Also since p, <p, %po(K\G/K) C VI’(K\~G/K) and so we also have 
fn E @‘tK\GIW. 
Now 
n 
Ts(fn> = s,2 _ (:-“I  (+>>2 - 
P 
We now show that T, cannot be extended to a continuous linear functional on 
W’(K\G/K). Let f e W’(K\G/K) such that f(x) = e&/(X” - s,“). Again, since 
e-z*/(zs - spa) is in Z(F(2/~-1)), this possible by Theorem 2.1. Now the poles of 
fn andflie outsideF(2/p-1i and so it is easy to show thatfn -fin z(F(zlP-l)) and 
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so by Theorem 2.1 we must have f,, --+ f in Vp(K\G/K). So if TD extends to a 
continuous functional on W’(K\G/K), we must have: 
However, the limit on the right-hand side does not exist and so we have a 
contradiction. Thus T, does not extend to a continuous linear functional on 
%P(K\G/K). The last part of the theorem follows from the fact that if p < 1, 
then V(K\G/K) C W(K\G/K). 
4. K-BI-INVARIANT DISTRIBUTIONS ON G 
By a distribution T on G we mean an element of (C,&(G))‘. A distribution T 
on G is said to be K-bi-invariant if T(%f %) = T(f), k, , k, E K (where 
“If S(x) = f(k+kJ). A distribution T on G is said to be positive definite if 
T(p, * y*) 3 0, Vtp E Ccm(G). In [2, p. 2011, B ar k er raises the following question: 
If T is a K-bi-invariant distribution on G such that T(~J c y*) > 0, 
Vtp E Cccc(K\G/K), then is T a positive definite distribution on G? (He shows 
that if T is “tempered” then the answer is “yes”.) (As pointed out in the intro- 
duction, [2, line 17, p. 2011 should read ... p) E 9(G) ... .) We show that in 
general the answer is “no”. 
For consider G a real rank 1 group, and p a fixed positive number with p < 1. 
Now it is easy to see that the linear functional T, introduced in Section 3 is 
actually a distribution on G (via T,(f) =f(s,) = j’f (x) v-s ,,(x) dx, f E Ccm(G)). 
It follows very easily from the fact that v--54 is a K-bi-invariint function and the 
invariance of the Haar measure on G that T, is a K-bi-invariant distribution on 
G. Also as we saw in Section 3, T,(p * y*) 3 0, VT E C,“(K\G/K). However, 
T, cannot be a positive definite distribution on G. For suppose T, is a positive 
definite distribution on G. Then by [2, Theorem 4.51 T, extends to P(G). 
However, we have chosen p ,< 1 and this would contradict the last part of 
Theorem 3.1. Hence T, is not a positive definite distribution on G. 
(Let T be a K-bi-invariant distribution on a real-rank 1 group G with the 
property that T(p, * p*) > 0, VT E Ccm(K\G/K). In a forthcoming paper we 
will study such distributions in detail and prove analogues of some of the 
theorems in [2].) 
Note added in proof. (1) The space z(F”) should be interpreted as the space of even, 
rapidly decreasing functions on the real line. 
(2) We can deduce that the linear functionals defined in section 4 are not positive 
definite directly from the fact that vsp cannot be a positive definite function if / s / > 1. 
(This was also kindly pointed out to the author by the referee of the author’s forthcoming 
paper “Positive Definite Distributions on K\G/K-II,” to appear in the J. Indian Moth. 
Sot.). 
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